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ABSTRACT

Algebra of bounded linear operators on a Hilbert space is strongly compact if its unit ball is relatively
compact in the strong operator topology. The algebra generated by the operator and the identity is
strongly compact. This notion was introduced by Lomonosov as an approach to the invariant subspace
problem for essentially normal operators. The basic properties of strongly compact algebras are
established. A characterization of strongly compact normal operators is provided in terms of their
spectral representation, and some applications. Finally, necessary and sufficient conditions for a
weighted shift to be strongly compact are obtained in terms of the sliding products of its weights, and
further applications are derived.
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1. INTRODUCTION

Let B(H) denote the algebra of all
bounded linear operators on a Hilbert space
H. We say that a subalgebraRof B(H) is
strongly compactif the unit ball of Ris
relatively compact in the strong operator
topology. Also, we say that an operator Tin
B(H)is strongly compactif the algebra
generated by Tand Iis strongly Compact.
This notion was introduced by Lomonosov
[ as an approach to the invariant subspace
problem for essentially normal operators.
Recall that an operator Tin B(H) is
essentially normal if and only if the operator
T*T — TT*is compact. Also, recall that the
commutant of an operator is the algebra of
alloperators that commute with the given
operator. Lomonosov ™ proved that if
TeB(H) is an essentially normal operator
such that neither the commutant of Tnor the
commutant of T*are strongly compact
algebras then Thas a non-trivial invariant
subspace.Therefore, it is an interesting task
to study the structure of strongly compact

algebras, because a better understanding of
such algebras would give more insight on
the invariant subspace problem for
essentially normal operators.

A classification of self-adjoint,
strongly compact algebras was carried out
by Marsalli, @ who showed that a self-
adjoint sub algebra of B(H) is strongly
compact if and only if it can be written as a
direct sum of finite-dimensional, self-
adjoint sub algebras of B(H). Thus, every
self-adjoint strongly compact operator is
unitarily equivalent to a diagonal operator.
We will see later that, in general, a strongly
compact normal operator is not unitarily
equivalent to a diagonal operator.

Let T be an operator on a Hilbert
space Hand let E € Hbe an invariant
subspace ofT. There are two operators
associated to Tand E, namely, the restriction
operator T,;eB(E)defined by T;px=
Tx for everyx e E, and the quotient
operatorT € B(H/E) defined by T(x + E) =
Tx + Efor everyx + E € H/E. It is natural
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to ask whether the restriction and the
quotient of a strongly compact operatorare
strongly compact, too. We construct
counterexamples to both questions.

In this study organized as follows.
First of all, in this section we present two
different examples of strongly compact
algebras and we give a procedure for
constructing new strongly compact algebras
out of old ones. Next, in this section we
provide a characterization of strongly
compact normal operators in terms of their
spectral representation. Finally, in this
section we obtain necessary and sufficient
conditions for a weighted shift with non-
zero weights to be strongly compact in
terms of the sliding products of its weights.

As a warm-up, it will be convenient
to state two characterizations  of
compactness, one for the norm topology of
Hand the other one for the strong operator
topology of B(H)
Lemma 1. A subset SofH is relatively
compact if and only if for every € > 0 there
is a compact subsetK.of Hsuch thatS <
K‘g + SBH .
This characterization can be found in
Diestel’s book. ) The non-trivial part of its
proof relies on the fact that any totally
bounded subset of H is relatively compact.
Lemma 2. Let S be a bounded subset
ofB(H). Then the following conditions are
equivalent.
() S is relatively compact in the strong
operator topology.
(i) {Tx: TeS} is relatively compact for
all x e H.
(iii) There is a dense subset D of H such that
{Tx: TeS} is relatively compact for all
xeDThe equivalence of (i) and (ii) was
noticed by Marsalli ' and it does not need
the assumption that Sbe bounded because of
the Uniform Boundedness Principle. The
implication (i)=(ii) follows from the
continuity of the map T — Txwith respect
to the strong operator topology. The
implication (i) =(iii) is trivial. The
implication (iii) = (i) is a consequence of
Tychonov’s Theorem on the product of

compact spaces in combination with Lemma
1.

Recall that a vector x,e His said to be
cyclic for a subalgebra R of B(H) if the
orbit {Rx, : R €R }is dense in H. A vector
xoeHis said to be cyclic for an
operatorT € B(H) whenever x, is cyclic for
the subalgebra generated by Tand [ in
B(H).

A straightforward consequence of Lemma 2
is that a subalgebra R of B(H) with a cyclic
vectorx, € H is strongly compact if and only
if the set{Rx, : R e R |R|| < 1}is
relatively compact. This fact will be used
later in the proofs of Theorem 4 and
Theorem 5.

2. Basic properties of strongly compact
algebras

In this section we present two
different examples of strongly compact
algebras. These examples are the bricks for
building strongly compact algebras. We also
give a procedure for constructing new
strongly compact algebras out of old ones.
Proposition 1. Let H be an infinite-
dimensional Hilbert space, and let(E;);¢;be
a family of finite-dimensional subspaces of
H whose union is dense in H. If R is a
subalgebra of B(H)with the property that E;
is invariant under R for all ReR and <1 ,
then Ris strongly compact.
Proof. Consider the dense subset Dof

Hgiven by
D =JE

iel
If x € Dthen x €E;for some i €1.SinceE;is
invariant under Rfor every R eRwe have
{Rxo: R eR IRl <1} € [Ix||. B,
It follows that the algebra Rsatisfies the
condition (iii) in Lemma 2 and therefore it is
strongly compact.

An application of Proposition 1 is
the following. Let Hbe a separable, infinite-
dimensional Hilbert space, let (e, ), be
an orthonormal basis of H, and let Bdenote
the backward shift on H, that is Beo = 0 and
Be,=e,_1 forn > 1. Put E,= span {eo , e1,
.., €y} . Itis clear that the union of the E;’s
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is dense in H and that every E, is invariant
under B. It follows that the backward shift is
a strongly compact operator.
Another situation to which Proposition 1
applies is the case of a compact normal
operator, since it is a well-known fact that
every compact normal operator has an
orthogonal basis of eigenvectors. In general,
any operator on Hwith lower triangular
matrix with respect to an orthogonal basis
(€, )n>ols strongly compact.
Proposition 2. The commutant®R® of a
compact operator K with dense range is
strongly compact.
Proof. Let D= KH and let y eD,say
y = Kx. Then

{Ry: ReR|Rl|<1} = {RKx: R eR,|R|l <1}

= {KRx: R eR,|IRIl < 1} < |IxIl. KBy
and again it follows from Lemma 2 that R is
strongly compact.
Although the above examples may overlap,
they are essentially different, since the
backward shift does not commute with a
non-zero compact operator. The proof goes
by contradiction. Suppose BK = KBfor
some non-zero  compact  operatorK.
ThenK*is also a non-zero compact operator
and we haveK* (B*)" = (B*)"K*for all
n >0. Fix anny =0 such that K*e,, # 0.
Then
(B )" eno = €p4no — Oweaklyasn — oo,
So that||K*(B*)"e,, |l > 0 as n — oo .But
(B*)™ is an isometry for all n, =0, so that
I(B* )" K eno Il = [IK"en, |l >0

for all n >0, which is a contradiction.
It is worth-while to observe that the
assumption that Khas dense range cannot be
removed from Proposition 2. This will be
shown in Proposition 8 below.
The next result gives a procedure for
constructing new strongly compact algebras
out of old ones.
Proposition 3. The direct sum of a family of
strongly compact algebras is also strongly
compact
Proof. Let {H;:i € I'} be a family of Hilbert
spaces and consider the direct sum
H®e H; ={x=(x):x; € H;, |Ix||* =
Yierllx]1? < oo}

Let R;be a strongly compact subalgebra of
B(H;) for everyi € Iand look at the direct
sum

R= l%Ri ={T = (T;):T; € Ry, IIT|| = supe;IT; || < 0}
We have to show that Ris a strongly
compact subalgebra of B(H). We will check
that its unit ball satisfies condition (ii) of
Lemma 2. Fix a vectorx = (x;) €H,
let ¢ > 0, and choose a finite set [, < Isuch
that

3 llxll? < €2
iel\| 0

Consider the vector Z eHdefined by Z;= x;
if i ely and Z; = 0 otherwise. Since every
R;is strongly compact and I, is finite we
have thatK, = {TZ: Te R,||IT|| < 1}is a
relatively compact subset ofH. Also, {Tx :
Te R|T|| <1} S K, +¢.By. It follows
from lemma 1 that the set {Tx:
Te R, |IT|| < 1}is relatively compact in H .

Notice that the algebra generated by
the direct sum of a family of operators and
the identity is a subalgebra of the direct sum
of the algebras generated by the operators
and the identity. Hence, as a consequence of
Proposition 3, the direct sum of a family of
strongly compact operators is also a strongly
compact operator.

The converse of Proposition 3, is
false. In section 3, we will construct an
example of a family of operators
{T;:iel}such that T;fails to be strongly
compact for everyi e Ialthough the direct
sum is a strongly compact operator.

3. Strongly compact normal operators
Recall that an operator Non a Hilbert space
is said to be normal if N*N = NN*. An
example of a normal operator can be
constructed as follows. Let Q< C be a
compact set and let ube a finite measure
defined on the Borel subsets of Q .Then the
operator Myof multiplication by Zdefined
on L*(u) byM;f = Zf(Z)for every
f €L?(u)is normal.

One version of the Spectral Theorem
[6, p.15] can be stated as follows. If Nis a
normal operator defined on a separable
Hilbert space, then there exist a finite or
countable family (u,),>; of probability
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measures on a compact subset of C , and a
unitary operator U:@,>; L?(u,) — H such
that U'NU = @D, T, where T, is the
operator of multiplication by Zon L?(u,).
Hence, N is strongly compact if and only if
SOIS@p>1 Ty, -

We start with a characterization of
those measures pfor which the operator
M, of multiplication byZis strongly compact
on L?(u). Let mdenote the space of all
polynomials p(2) in one complex variable
provided with the norm ||p||.inL* () .

Theorem 1. The following conditions are
equivalent:
(1) Mgis strongly compact.
(i) The natural embedding J : m — L?(u)is
compact.
(iii) Any bounded sequence inm has au-
almost everywhere convergent subsequence.
Proof. Let pbe any polynomial and notice
that p(Mz) = M,z where M, denotes
the operator ofmultiplication byp. It is easy
to check and it is shown in Halmos’s book
[5] that the norm of the operator M of
multiplication by fis the norm of f in
L*(u) and so [lpM, || = lIpll...
(i) = (i) : Assume M, is strongly compact
on L?(u). Then

{pen:lpll. <1} ={p(M,) L:ipem, lp(M )l <1}
is a relatively compact subset of L?(u) and
therefore J is compact.
(ii) = (iii): Let(p,), be a bounded sequence
inmT Since Jis compact , there is a
subsequence (p,; )jthat converges in L?(u)to

g, say. Hence, there is a subsequence
(pn_ ) that converges U -almost
Tk k

everywhere to g.

(iii) =(i): Let f € L?(u)and let us show
that

{pM)fpen,llpM)I <1} ={p.frp €, lpll. <1}
is a relatively compact subset of L?(u ). Let
(p,,),be a sequence with ||p,|l.. < 1, for all
nand take a  subsequence(p,; )that
converges u-almost everywhere to g, say.
Then|p,, - f | < |f|u -almost every where.
It follows from the Bounded Convergence
Theorem that||p,x . f —g.fll, — Oas

k — oo,

As an application of Theorem 1we present
two examples to show that the operatorM,of
multiplication by Zmay or may not be
strongly compact.

Corollary 1. (V. Shulman, private
communication.) Let Ddenote the open unit
disc provided with thetwo-dimensional
Lebesgue measure. Then the operator My of
multiplication by Zon L*(D ) is strongly
compact.

Proof. If (p,),Iis a sequence of polynomials
with |[pll, < Mfor all nthen Montel’s
Theorem gives asubsequence (pnk)kthat

converges uniformly on compact subsets of
Dand so almost everywhere.

Since Mgzhas no eigenvectors,
Corollary 1provides an example of a
strongly compact normal operator that is not
unitarily equivalent to a diagonal operator.

Recall that the Bergman space is the
subspace A%(D) of all functions in
L?>(D )which are analytic onD. The above
argument shows that multiplication by Zis
also a strongly compact operator on the
Bergman space. We will come back to this
fact in section 4.

Corollary 2. Let [0,1] be the unit interval
provided with the one-dimensional
Lebesgue measure. Then the operator M, of
multiplication by x on L?[0, 1] fails to be
strongly compact.

Proof. Let C[0, 1] denote the space of
continuous functions on [0, 1] provided with
the sup norm. The Stone-Weierstrass
Theorem ensures that mwis dense in C [0,1].
Therefore it suffices to show that the natural
embedding J : C [0, 1] - L?[0, 1] fails to be
compact. Consider the sequence of
functions defined byf, (T) = cos2nnt.
Then (f;,),is bounded in C [0, 1] and it has
no convergent subsequence in L?[0, 1].

Proposition 4. Let T be any operator on H
such that ||T|| <1 and let T;be any norm-
one strongly compact operator on a Hilbert
space H;, whose spectrum is equal to the
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closure of D. Then the operator T @ Tjis
strongly compact on H @ H,.
Proof. Let pbe any polynomial and apply
von Neumann’s inequality to get||p(T)|| <
Ipll. = llp(THII, so that

lp(T @ THIl = max{llp(D)I], lIp(THII}

=llpll..
A proof of von Neumann’s inequality can

be found in Halmos’sbook. ! Since the set
{p(T):lIpll. < 1}is relatively compact in
the strong operator topology of B(H; ) it
suffices to prove that the set {p(T): ||Ipll., <
1}is relatively compact in the strong
operator topology of B(H). We will show
that condition (ii) of Lemma 2is satisfied.
Fix a vector x € H\{0}, , lete > Oand
choose an n such that

€
DI <o
]

n=ng+1

let E = span{x,Tx,...,T™ x }, put M= |[x||
+ ||ITx]|| + -+ |IT"%x]|, and consider the
compact set K, = M.Bj. take a polynomial
p(z) = ay + a1z + - + ayz" with |Ip|l, <
1 and notice that |a,| <1 for every 0
<n<N. Thus, agx + a4 Tx + -+
a,, T"x €K,. On other hand
(@nyy T 4+ ayTV)x € €. By,
Hence ,p(T)x € K.+ ¢.By. Now it follows
from lemma 1that {p(T)x: p € m,|Ipll, <
1 }is a relatively compact subset of H.
Notice that the operator T in Proposition
4need not be strongly compact. Thus, the
direct sum of two operators may be strongly
compact when one of the summands is not.
Later on we will provide a stronger version
of this result, namely, none of the
summands will be strongly compact. For the
time being we have an example of a
strongly compact operator with a restriction
and a quotient that fail to be strongly
compact.

Recall that two measures are
equivalent if they have the same null sets,
and they are orthogonal if they are
concentrated on disjoint sets. In the sequel
we will use the following result.

Lemma 3. Let w;and u,be two finite
measures on a compact setQ € €, and let T;

denote the operatorof multiplication by z on
L?(u)fori=1, 2.
(i) If uy and pyare equivalent then T; and
T,are unitarily equivalent.
(i) If wyand p,are orthogonal then the
operator of multiplication by z on L?(u; +
uz)is unitarily equivalentto T; @ T,.
Proof. (i) Let hdenote the Radon-Nikodym
derivative of p; with respect to u, and
define

U:L*(uy) = L* (i)

f = fvh

It is easy to check that Uis a unitary
operatorand T; = U*T,U.
(i) Let B, and B, be two disjoint Borel
subsets of Q such that for i= 1, 2 the
measure u;is concentrated on B;, that is ,
u; (Q\B;) = 0. Define
UL (uy) @ L*(u) = L*(ug + 1)
(fi, f2) » fiXBy + f,XB; .
It is easy to check that Uis a unitary operator
and that U(T; @ T,)U*is the operator of
multiplication by ZonL? (u; + py).
Part (ii) of Lemma 3can be easily
generalized to a countable family of
measures as follows.

Lemma 4. Let ((u,),) be a sequence of
pairwise orthogonal probability measures
on a compact set Q < C,let T,, denote the
operator of multiplication by Z on L2 (y,) ,
and put  u=Yy_,u,/2".Then  the
operatorof multiplication by 2 on L2(u )is
unitarily equivalent to the operator &;°_; T,
Proof. For every n, let h,,denote the Radon-
Nikodym derivative of p,with respect to u.
Observe that thesets {Z€ Q: h,(Z) #
O}are pairwise u — almost disjoint and
therefore we can define
U: =y L () = L)

Fdn = D fu T
n=1

It is easy to check that Uis a unitary operator
and thatU(e;_,T,)U"is the operator of
multiplication by zon L2(u ).

The next result shows that the
summands of a strongly compact direct sum
need not be strongly compact. Moreover, all
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the operators involved in the construction
are normal.

Proposition 5. Let (t,),>1,be a sequence of
distinct points dense in [0,2x), let u,, denote
the one-dimensional Lebesgue measure on
the radial segment I, = (0,e%»] and let
T,denote the operator ofmultiplication
byzon L?(u,). ThenT, fails to be strongly
compact for every n >1 and the operator
@, 1 T,is strongly compact.

Proof. For every, it is easily seen that T,, is
unitarily equivalent to the
operatore‘‘» M, whereM, isthe operator of
multiplication by xon 12(0,1 )Then T,fails
to be strongly compact thanks to Corollary2.
Notice that the radial segments 1I,. are
pairwise disjoint and therefore the measures
unare pairwise orthogonal. Consider the
measure u = Yo u,/2" .let Tdenote the
operator of multiplication byzon L?(u )
and observe that, thanks to Lemma4, Tand
@, _,T,, are unitarily equivalent. Finally, let
us showthat T'is strongly compact. Since the
union of the radial segmentsl, is a dense
subset of D it follows that any bounded
sequence of polynomials in L*(u ) is
uniformly bounded on D, and by Montel’s
Theorem ithas a subsequence that converges
uniformly on compact subsets ofD, so that
condition (iii) of Theorem 1, is satisfied.
Now we provide an example of a strongly
compact direct sum of two non strongly
compact normal operators.

Proposition 6. There exist two
non strongly compact normal operators
such that their direct sum isstrongly
compact.

Proof. LetD, ={z €C:|Z2-1/2|<1}and
D, ={z €C:|z+1/2| <1}, leto;denote
the two-dimensional Lebesgue measure on
Dy, and let og,denote the two-dimensional
Lebesgue measure onD,\D;. We will
consider the arc-length measure on the
boundary oD; of D;, more precisely 7, , will
bethe normalized arc-length measure on the
arc (éD;) n D,and 7,will be the normalized
arc-length measure on the arc(éD,) N D;.
Finally, let u; = g; + 7;and denote by T;the

operator of multiplication byzon 12 (y;). for
j=1,2

The four measureso;,o,, 7; and 7, are
pairwise orthogonal, so that x, and u, are
orthogonal, andtherefore T; €@ T, is unitarily
equivalent to the operator of multiplication
byzon L (uy + up). A sequence
ofpolynomials which is bounded on
L* (uq + uz) is uniformly bounded onD; u
D,, and by Montel’s Theoremit has a
subsequence that converges pointwise on
D;uD, and therefore(u; + uy)-almost
everywhere. It

follows from Theorem 1, thatT, @ T, is
strongly compact.

In order to prove that T; is not strongly
compact, observe that (6D;) N D, is an arc
whose length isexactly one third of the
length of the circle {Z e C: |2 —-1/2| < 1},
and it is easy to check for p,(2)=
(z - 1/)3"that the sequence of polynomials
(pn), is an orthonormal system in L?( 7).
This sequence is bounded in L* (uy), but it is
not relatively compact in L? (u;)because it is
not so in L?>(t;). This shows that T, is not
strongly compact. A similar argument with
the sequence of polynomialsp,(Z) =
(Z +1/)%"shows that T, is not strongly
compact.

Now we turn to the general case of a normal
operator Non a separable Hilbert space
H .We start with the following result.

Lemma 5. Let Q < € be a compact set and
let (u,).>1be a sequence of probability
measures defined on the Borel subsets of Q,
let T,,denote the operator of multiplication
by z on I%(u,),and assume that everypu, is
absolutely continuous with respect to p;.
Then T = @&;_,T,is strongly compact if and
only if Tyis strongly compact.

Proof . Notice that for any polynomial pwe
have

Ip(MI = supllp(T)Il = supllpllz= )
n n

= lIplle uyy = llpCTII.
Assume Tis strongly compact and notice
that for every f; € L?(uy)the set {p(T))f; :
lp(T)Il < 1}is the projection onto the first
coordinate of the set
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{p(M)(f1,0,0,..):llp(TDIl <1}, which is
relativelycompact, and therefore T, is
strongly compact.

Conversely, assume T; is strongly compact
and take a sequence of polynomials
(pj)],such that ||p; (T)|| < 1for everyj > 1.

Since ||p; (M| = ||lp; (T)|| and Ty is strongly
compact, there is a subsequence (pjk)kthat

converges uq-almost everywhere. Since p,is
absolutely continuous with respect to u,, it
follows that(pjk)kconverges U -almost

everywhere. Hence, for everyf, € I?(u,),
the set {p(T)f, : llp(T)|l < 1}is relatively
compact. Now fix f € H=@®7_1*(u,),
lete >0, and choose n, so large that

0

> A2 < e

n=ny+1

Consider the compact set K, =
{p(TDf1, .. p(T)f,0,0,..): lIp(Dl < 13
we have

p(Df : lp(DI <1} € K. +eBy
so it follows from Lemma 1 and Lemma 1
that T'is strongly compact.
Now we characterize strong compactness
for a normal operator on a separable Hilbert
space, that is, for a direct sum of operators
of multiplication by Z. We will consider
only countable direct sums, but a similar
result holds for finite sums.
Theorem 2. Let Q < C be a compact set, let
(1), be a sequence of probability measures
defined on the Borel subsets of Q, let T,, be
the operator of multiplication byzon 12 (u,,),
and let u = X2, u,/2".Then @®_;T,is
strongly compact if and only if the operator
T of multiplication by Zon L?(u,)is strongly
compact.
Proof.Ilt is clear that u,is absolutely
continuous with respect to u. Letf,denote
the Radon-Nikodymderivative of u,with
respect to uand letd, = {Z € Q: £,(Z) > 0}.
Then p(Q\Uy—; A, =0. Now
chooseB, < A,such that uy_; 4, = UZ_; B,
and (B,), are pairwise disjoint. Let v, =
un|Brand o, = u,|Q\B, , so that u,= v, +
o,. lets, and R,denote the operators of

12 (a,),respectively. Also, letv =

~_1V,/2". We have
OT.-D(S, 2R

Since the measures v,are pairwise
orthogonal, Lemma 4 gives that
®,_1L?(vy)is isometrically isomorphic to
L?(v),and the operator @;,_,S,corresponds
with the operator Sof multiplication by z on
L?>(v).Thus, ®,—,T,corresponds  with
S®(®;-1R,). Now every o,is absolutely
continuous with respect to v and it follows
from Theorem 5 that S®(®;,_;R,,)is strongly
compact if and only if Sis strongly compact.
Finally, 1 and vare equivalent measures,
and by Lemma 3, Tis strongly compact if
and only if so is S, and Theorem 2, follows.
Recall that a spectral measure on a Hilbert
space His any measure defined on the Borel
subsets of a compact set Q < C with values
on the orthogonal projections of Hwhich is
countably additive in the strong operator
topology and such that E(Q) = 1. A common
version of the Spectral Theorem ! ensures
that if Nis a normal operator on a Hilbert
space Hthen there exists a unique spectral
measure Eon Hdefined on the Borel subsets
of o (N) such that

N = f /1dE)L .
o (M)

The following result ensures that for every
spectral measure on a separable Hilbert
space one can find a probability measure
whose null sets are those of the given
spectral measure.

Lemma 6. Let N be a normal operator on a
separable Hilbert space H and let E be the
spectral measure associated to N. Then
there exists a probability measure v such
that E(B) = 0if and only if v(B) = 0.

Proof. Let (x,), be a dense sequence in
Byand define a sequence of finite positive
measures (V},),on the Borel subsets of o
(N) by v,(B)= (E(B)x,, x,). Then put
=Y 1 v, /2". It is clear that if E(B) =0
then V,(B) = 0 for every n. Conversely,

multiplication by  Zon [*(v,) and  ify (B) = 0 for every n then(E(B)x,, x,) =
Oforevery x € Hand since E(B) is an
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orthogonal projection it follows that E(B) =
0.
We  finish  this section with a
characterization of strong compactness for
normal operators on a separable Hilbert
space in terms of their spectral measures.
Theorem. Let E be the spectral measure
associated to a normal operator N on a
separable Hilbertspace and let v be a
probability measure defined on the Borel
subsets of a(N)such that E(B)= 0if
andonly if o(N) = 0. Then N is strongly
compact on H if and only if the operator of
multiplication by Zisstrongly compact on
L (v).
Proof. We know Nis unitarily equivalent to
a direct sum of multiplications by z. We will
consider onlythe case of an infinite sum, the
case of a finite sum being similar. Thus,
there exists a sequence (u,),0fprobability
measures on a(N) such that N is unitarily
equivalent to®;_;T,, where T,is the
operator of multiplication by Zon 12(u,).
Let u = Yo;u,/2™. From Theorem 2we
know that N is strongly compact if and only
if so is the operator of multiplication by Zon
L*(uw). If we prove that u and v are
equivalent, we will be done thanks to
Lemma 3. The spectral measure of N is
equivalent toE; the spectral measure of
®,_1T,. It is easy to check that for every
Borel set B < o(N),(B)is the projection
defined by
E1(B): @y -1 L* (1) = @y =1 L* ().

(fidn — (fuxB)y

and therefore

uB)=0eu, (B)=0foralln e E;(B) =0
S EB) = 0 v(B) = 0,

so that pand vare equivalent measures.

In case the Hilbert space His not separable,
it is not true that for any normal
operatorNthere is always a probability v
equivalent to the spectral measure
Eassociated to N. In fact, it can be proven
that such a probability exists if and only if
the set {E, ,:x € H}is separable in the space
M(a(N))of Radon measures on o(N),where
E,xis the measure defined by E,,(B) =
(E(B)yx). However, if such aprobability
exists then Theorem 3, still holds, the

arguments being similar. For instance,
Lemma 5, is easily seen to be true for an
uncountable family of measures.

4. Strongly compact weighted shifts
Let H be an infinite-dimensional, separable
Hilbert space, let (e )., be an
orthonormal basis for H, and consider the
weighted shift Winduced on Hby a bounded
sequence (W},), of non-zero weights, that
is, We,= wye, .1for every n > 0.
The aim of this section is to discuss the
conditions under which a weighted shift is
strongly compact. We start off with a
necessary condition. We will show at the
end of this section that this condition is not
sufficient.
Proposition. Let W be the weighted shift
induced by a bounded sequence (W},),,»o0f
non-zero weights. If W is strongly compact
then

inf

n-1 .
lim = W)
N —00

2 l_[;l:_o1 Wic+j
Proof. It is not hard to prove and it is shown
in Halmos’s book ™ that the norm of
W™ ,n > 1, is thesupremum of the sliding
products of length n, or, explicitly
Wl = 72 Wi .
The sequence of operators (W"/
[l W™, lies inside the unit ball of the
algebra generated by Wand I. Hence, the
sequence of vectors (Whey/ll W™|),so IS
relatively compact. On the other hand
Whey  _ I/ W
wel (m
n — oo
It follows that || W™el| /|| W] - 0 as = oo
, that is

inf n-1

: [17= W
limy, o k>0 H}-l:_ol Whetj
The necessary condition stated in
Proposition 7, can be used for constructing a
counterexample to show that the condition
of having dense range cannot be removed
from Proposition 2.

)en - Oweakly as

=0.

Proposition 8. There exists a compact
operator with the property that none of the
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restrictions to its nonzero invariant
subspaces is strongly compact.

Proof. Let Whbe a weighted shift with
decreasing sequence (W,),so Of positive
weights such that W, - 0as — o . Then
Wis compact and

inf H}L—Ole 3
k>0 125 Wi+ B
so that Wis not strongly compact. A
Theorem of Nikolskii’s ! ensures that if

> wi<w

n=0

then the non-trivial invariant subspaces of
Ware all  of the form FE =
span{e, , €nq,,, - JfOr some n, >0. But
then again Wygis a weighted shift with
decreasing sequence (W, ),x,,0f positive
weights, so that W gis not strongly compact.
A proof of Nikolskii’s Theorem can be
found in Halmos’s book. ¥

The following result gives another example
of a restriction of a strongly compact
operator to an invariant subspace that is not
strongly compact.

Proposition 9. There exists a strongly
compact bilateral weighted shift with an
invariant subspace such that the restriction
of the operator to the invariant subspace
fails to be strongly compact.

Proof. Let(W,),»y be a decreasing
sequence of positive weights such that
W, -0 as n - », and putw_, = w,. Now
let W be the bilateral weighted shift with
sequence of weights (wy),ez. Then Wis a
compact operator with dense range, so by
Proposition 2, we know that Wis strongly
compact. LetE =span {e;,eq,...}. Then E is
invariant under Wand it follows from
Proposition 8, that Wfails to be strongly
compact, as we wanted.

Now we turn to the search of sufficient
conditions for a weighted shift to be
strongly compact.

Theorem 4. Let W be the weighted shift
induced by a bounded sequence (W},),,»o0f
non-zero weights and assume that

oo inf Hn_l

n=0 k>0 H Wk”
Then W is strongly compact.
Proof. It follows from the computation in
the proof of Proposition 7, that
lwreol _ | W,
Twll ko 20 Wil ”
so that the assumption is

w  IIWnegl?
3 < ©
n=1 w2

Since e is a cyclic vector for, thanks to the
remarks after Lemma 2, it suffices to show
that

S = { p(W),,: p is a polynomial, [[p(W)| <
1}

is a relatively compact subset of H . Fix

£>0 and choose ng so large that
w  IWrel* _ o
mERO w2

Let K.denote the wunit ball of span
{eo , €1, ...,eno}and let p(z)= ag+ayz
+...+ayz"be any polynomial such that
lp(W)Il < 1. We have for every k >0
p(W)e, =

ager + Yn-i(a, § Wit/ )€k+n

So that

_ 2

lagl® + X0 (|an|2|l_[}l=o1 Wk+j| ) =
pWek2<1 (*)

In particular, with k =

no 2 no-1
= laol? Y [ lanl?
N
jagl” + > | la
j=0

On the other hand, it follows from (*) that
for every n with 1 < n < Nwe have

_ 2
lan 2 |TT}Z5 Wit | < 1,
and taking the supremum over k > 0
yields|a,|?]| W"||? < 1. Thus,

< 00

0 we get
n—1

[I»

j=0

y

) = lpWe, |I* < 1.

2
I wj

2 2
— -1 — -
”Zn =ny a WneOH - g =ny (lan|2|H]T'l=0 VV]| ) - n= nola | ” Wneollz
2 | Whegll? 2 | Wwhel|? 2
ool S WP < 2t S
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Hence, (W)e, € K, + ¢BH, and since &>
0 is arbitrarily small, it follows from Lemma
1, that S is a relatively compact subset of H.
It will be shown in Corollary 4, below that
the sufficient condition stated in Theorem 4,
IS not necessary for a weighted shift to be
strongly compact. Anyway, in the next
corollary we apply this sufficient condition
to give an example of a compact weighted
shift with non-zero weights which is
strongly compact.

Corollary 3. Let (g,) be a sequence of

positive numbers such that
1

& = SRJZph+l
for every h > 1, and define (w,,)by

=) o 2ht1_q

1,ifn=0,1

&, ifn=2"
(% if 2" < n <2kt
Then the weighted shift W induced by the
sequence of weights (w,) is strongly
compact.
Proof. Put
W = inf H?;Ole
" o0 Wl
take an n > 2, and choose h > 1 such that
2h <n < 2"*1 Notice that between 2"and
2" 1there are at least hintegers, so that
a, < h"eh. Thus,

w, =

Za,% <1+Z Z a? <1+Zzhh2hefl <1+Z—<oo

n=1 h=1 n=2h
and it follows from Proposition 4, thatWis
strongly compact.
Now look at the condition stated in
Proposition 7, and assume that the sequence
of weights has increasing moduli, that is,
lw,, | < |w,,q|for all n =1. Then there exists
A= lim |w,|and therefore
inf Hn_lw
1'[“_0
It turns out that under the monotony
assumption the necessary condition stated in
Proposition 7, is also sufficient for a
weighted shift to be strongly compact.
Theorem 5. Let W be the weighted shift
induced by a bounded sequence (w;,),o0f
non-zero weights with increasing moduli
and assume that
. inf Hn IW
lll’l’ln_>OO m

720 W

lim
n—oo An

n—>oo

=0.

no

Z a,Wme,

n=0

'“0'2+Z @,
n=1

no-1
|ao|2+z la,
[]v
j=0

Then W is strongly compact.
Proof. Since eyis a cyclic vector forW/,
thanks to the remarks after Lemma 2, it
suffices to show that the set
={ . p(W) eyis a polynomial, [l[p(W)| <
1}
is relatively compact in H. Let A=
lim |w,|, fix e > 0, and choose ngso large
that if n > n, then
o w| < ea®.
Let K.denote the unit ball of
span{ey , ey, ..., eq Jand let p(2) = ag + apZ
+...+ayZ"be any polynomial such
that|lp(W)|| < 1. We have for every k >0.
p(W) o= agey + Xn—i(ay [1720 Wictj)exsn -
so that
lagl® + X0 (|an|2|l_[}l=_o1 Wk+j|2) =
pWek2<1 (*)
In particular, with k = 0 we get

)

) = llpW)e 1> < 1

On the other hand, taking limits ask — ooin (*) gives
N

laol? + ) la, 222 <1,
n=1

So that
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1Zn%, aaWreoll” = S0y, (I RT3 w [7) < €2 50, la, 1227 < €2

Hence, p(W) ¢, € K.+ eBy, and since ¢ > 0
is arbitrarily small, it follows from Lemma
1, that S is a relatively compact subset of H.
Observe that when (Jw,|) is an increasing
sequence that converges to, the condition

stated in Theorem 5, is just

lim 1‘[;HM =0,

n—-oo =0

and this happens if and only if

D G-l =
n=1

As an application of Theorem 5, we come
back to Corollary land take a look at the
operator of multiplication by Zon Bergman
space from a different point of view.
Corollary 4. The operator Myof
multiplication by Z on A%(D) is strongly
compact.
Proof. It is shown in Halmos’s book ! that
A%(D) is isometrically isomorphic to a
weighted sequence space so that Mis
unitarily equivalent to the weighted shift
Wwhose weights are given by

n+1 2

Wn = (n + 2)

A quick computation shows that this

sequence of weights satisfies the condition
of Theorem 5, Thus, Myis strongly compact
on A%(D).

Notice that this weighted shift does not
satisfy the condition stated in Theorem 4,
and therefore that condition is not necessary
for a weighted shift to be strongly compact.
We finish this section with an example to
show that the necessary condition stated in
Proposition 7, in general is not sufficient
for a weighted shift to be strongly compact.
Proposition 10.There exists a sequence of
non zero Weights (w,),ssuch that the
corresponding weighted shift is not strongly
compact but
inf n-1
lim,, e l_[l_[ﬁ#m
k>0'1=0 Wkt
Proof. Let (n,)r>1 be an increasing
sequence of positive integers satisfying
(1) mpyr > 4y .
. Nk
(i) (k +2) T < 2.
For instance, the sequence n; = (k+3)! works.
Letpk = (k + 1)1/nk .Then (pk)kis a
decreasing sequence in the interval, 2

since n, < (k + 1)1/k < 2 and, thanks to (i),
P =k 1= (k+2) 70> (k+2) i
_ = Pit1 - N
Define the sequence (w,),sy Of positive
weights by w,= 1 for n <n;, and if
n, < n < n,+1 for certain k then

=0.

( 1/\/k+1 ,ifn=nk+1—2nk0rn= Ng4+1

w, =

{1,ifnk <n<nk+1—2nk0r nk+1—nk<n<nk+1,

\ ) Prorif M1 = 2m SMS Mg —
Let W denote the corresponding weighted shift. We have W"¢= 1, ¢e,,, Where rnzl'[}?;(} w. It
is easy to check that t,, = 1for < nq, and for every k > 1
1 ifnk<nSnk+1—2nk,
T, = pkn_(nk+l_2nk+1)/vk +1 ,Lf Ngy1 — an <n < N1 — N
Vk+1 ,ifnk+1—nk <n§7’lk+1.

Observe that for n < n;,,,; we always have
1/Vk+1 < 1, < vk + 1. In order to prove
that || Wheyll/lIl W™|| > 0asn - oo. we are
going to distinguish two cases. First of all, if

using that, thanks to (i),
M1 — 2Ny < 2Ny < Mgy — 2Mgegy.
Therefore, in this case,|| W"ell/l| W] <

1/Vk + 1. Otherwise, if ng.; —2n, <n <

M1 — N <

n, <n < ngyqfor some k > 1then ni41then || Whell= 7, < Vk + 1, and using
| Wheoll=1,=1, and (i) we get
N1~ 2N 4 Ng42=2Njesn
W = “ Wnenk+z—2nk+1|| = Wi Twm = || Wne"k+2_2"k+1|| = Wi = p;fl+1
M=nj41=2n,41+1 s —2n m:"i+22;27};+1+1 K42

_ U1 —2n) a1 > _ 1 _ VEFL 2 Pri1 = (k +2)(k + 2)7%™/M+1 > ek

tupyyg-2ngyy LK ,
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These estimates yield || W"ell/Il W™|| —
0asn — o. In order to check that W is not
strongly compact we will consider the
sequence of polynomials (py)
defined by
P (2) =6Lk e 2
This sequence of polynomials satisfies the
following property.
Claim A. For
oWl <1.
Before proving Claim Awe finish the proof
of Proposition 10. This is now easy, since

2k

every k=1 we have

1
pr(Wey = ok Z \/iem- — Oweakly ask - oo,
i=k+1

and

2k
1 1 k(k+1)
= i>— > —
e Weoll* = 2 E 23 2 =38’

i=k+1
so that the set {p(w)e, : [[p(W)]| < 1}is not
relatively compact and therefore Wis not a
strongly compact operator.
Notice that for every i > land j > 0 there
exists a; > Osuch that W™e; = a;; €., We
will need the following estimates fora;;
Claim B. Forevery i > 1 and j > Owe have
: Vi, if j<n;—n
ay = {l th if n; — ni]—clj <j< ni+11_ n;
2, ifngy—n <j

Proof of Claim B. We know thata;=
[0 Wi = Tjm, /77 .if j= 0 thena; =

Vi, and if 0 <j <n; —n;_; then
ni<j+ni<2ni<ni+1—2ni, SO
that; ., = 17; = 1/+/i. This takes care of

the first estimate. Now observe that
1/Vk+1< 1, <+Vi+1 for every n<

Ny, and  a; =74, /t; <i+1 , since
j,j+n; < njqif j<mn;q —n; Thus, the second
estimate follows. Inorder to get the third
estimate, notice that for j =n;,; —n;we
have a; =p; <2and for j>n;q — nl, we
have w; < p;;iand SO a;=< pi, =

(i+2) T < 2, thanks to (ii), and the
proof of Claim Bis finished.
Proof of Claim A. Fix an isuch that k + 1

Se = {Wniej’ifj = Mg — Ny
L B .
’ y fJz gy
and
(0, ifi>n
Tiej = Nie. ., .
WLif j Z2ni —my

The third estimate of Claim B. yields
IIT; 1l <2fork+1<i$2kandso

” T T ” = izick+1”Ti|| S§

Now let R = L=k+15i.0ur aim is to show
that ||R|| < 4kbecause this will produce
eIl < IR+ |5 52 rl| <5 4+5 =1

which is what we want.

In order to estimate the norm of R we
observe that if S;e; # 0then j<n;; —n; and
n; < j+n; <npq. This implies that if i #
i then Sigjand S;e; are orthogonal vectors,
no matter what jand jare. On the other
hand, if j # j'then Sigand S are also
orthogonal. Therefore Re;is orthogonal to
Re; whenever j # j'and we may conclude
that

RN = "2 lIRe I

Now defme L=

j}and notice that

min {i > l:in;,q —n >

Re; = @ij € n;
k+1<i<2k.i>l;
Ifl; > 2kthen|Rej||= 0 Assume I < 2k.
Using the estimates of B and observing that
||Re; || = Lk+1si<2k.izl; ai <a* i
2k
<(L+1)" + i < (2k + 1) + 2k? < 16k? .
i=k+1

Thus, ||Rej|| <4k foreveryj=0,|R| <
4k and Claim A follows.

Corollary 5. Let (1 + ) be a sequence of
positive numbers such that
1
<
e(1+0) < 00, (14 6)6+2)
for 6 > 0, and define (W,) by
( 1 ,ifn=0,1
e(1+8),if n =20+0

<i < 2kand let us split w™ as the sum of Wn = I
two operators W™ = S;+ T;defined by G if 2040 < n < 206+2)
h’ '
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Then the weighted shift Winduced by the  take an 6 > 0, and choose 6 > 0 such that
sequence of weights (W,) is strongly  20+8) <y <2+ Notice that between

Diestel, J. Sequences and series in
Banach spaces, Springer Verlag, New
York. (1984).

Halmos, P.R. Hilbert space problem

.
compact. " 209 and 20+ there are at least (1 + 6)
Proof . Put , integers, SO thatagy,s) < (1+60)@+De(1 +
inf - (146) Th
;20" W 6). Thus,
Ao+2) = 0+2)
k>0 H]=0 Wk+}
o) - o) 2(9+2)_1 o)
2(1+6)
Z a(29+2) <1+ Z a(29+2) <1+ z 2(0+2)(1+6) 8(21+9) <
=1 0=0n=201+6) =0
T e
_— (0 0]
2
~ (1+06)
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